Counting rooted near-triangulations on the sphere  by Dong, Fengming & Liu, Yanpei
Discrete Mathematics 123 (1993) 35-45 
North-Holland 
35 
Counting rooted near-triangulations 
on the sphere* 
Fengming Dong and Yanpei Liu 
Institute of Applied Mathematics. Academia Sinica, Beijing 100080, China 
Received 3 August 1990 
Abstract 
This paper provides the results on the enumerations of rooted simple outerplanar maps, rooted 
outerplanar near-triangulations, rooted 2-connected near-triangulations, rooted strict 2-connected 
near-triangulations and rooted simple 2-connected near-triangulations. The answer to an open 
problem proposed by one of the authors is also provided. 
1. Introduction 
A rooted planar near-triangulation is a rooted planar map in which each inner face 
is triangular. If the root-face of a rooted planar near-triangulation is also a triangle, 
then the map is called a triangulation. A rooted strict 2-connected near-triangulation 
is a rooted nonseparable one in which there do not exist two edges making up 
a circuit, with at least one vertex in the outer domain of the circuit. A rooted simple 
2-connected near-triangulation is a rooted one in which there is no separating 
triangle. A separating triangle is defined by three edges of the near-triangulation 
making up a circuit, with at least one vertex in the inner domain of the circuit and at 
least one vertex in the outer domain. 
Let .4? be a set of some maps. We define two functions as follows: 
fA( x, y) = c Xm(M)yn(M) 
ME”& 
and 
K#(x,y,z)= c 
Xm(M) n(M)Zq(M) Y 9 
ME& 
where m(M), n(M) and q(M) are the valency of the root-face, the number of edges and 
the number of blocks in M, respectively. The coefficient of the term xm y” (or x” y”zk) 
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in the power series of f&(x, Y) (or F’(x, Y, z)) is the number of maps in J%’ such that 
m(M)=mandn(M)=n(orm(M)=m,n(M)=nandq(M)=k).Therefore,inorderto 
enumerate A we only have to find the expressions of the power series off&(x, y) and 
F&(X, Y, z). 
In this paper, we discuss rooted simple outerplanar maps, rooted outerplanar 
near-triangulations, rooted general 2-connected near-triangulations, rooted strict 
2-connected near-triangulations and rooted simple 2-connected near-triangulations. 
We get a number of explicit expressions of the enumerating functions of these classes 
of maps with the valency of the root-face, the number of edges and 
blocks as parameters. 
the number of 
2. For simple outerplanar maps and outerplanar near-triangulations 
A rooted outerplanar map is a rooted planar map in which there is a face such that 
each vertex is on its boundary. This face is defined as the root-face of the map. 
A rooted outerplanar map is said to be simple if neither multiple edge nor loop exist 
on it. Let &P’ and JH”~“ be the set of all rooted simple outerplanar maps and the set of 
all rooted nonseparable simple outerplanar maps, respectively. For convenience, we 
suppose the vertex-map 9 is included in MS” but not in JP’. 
First, we divide Mnso into two sets _4z‘;” and J%!Y, &‘y = { LI L is the link map} as 
shown in [3]. For a map ME&~, the valency of each inner face in M is at least 3. 
The structure of M is like the map in Fig. 1. In Fig. 1, r is the root-vertex of M, 
k>,2, M,, M,, . , Mk~AnSo, and (r,rk), (r,r,),(r,,r,), . . . ,(rkpl,rk) are the root-edges 
of M, Ml,Mz ,..., M,, respectively. On the other hand, for any integer k>2 and 
M,, M,, .,. , M~E.AP~, a map MEAT can be constructed as in Fig. 1. Then we get an 
expression for fM;so (x, Y) as follows: 
c 
Xm(M,)- 1 
Y n(M,) 
i= 1 M,sAnSo 
=Yt.L-4x>Y))2 
x-.L4X,Y) 
Further, we obtain an equation for fM-=( x, y): 
(2.1) 
This equation can be written as 
(2.2) 
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Fig. 1. 
where f=f&-=(x, y). Let xyf/(x -f) = 5. F rom (2.2), we may deduce the following 
relations: 
Let xy + 5 = q, then 
(2.3) 
(2.4) 
After some substitutions of parameters, the following relations with two parameters 
$ and y can be found: 
1? 
xy=l+$’ y=$(l-_?), L1 x l+$’ (2.5) 
By using Lagrangian inversion theorem, we get the power series for fM-so(x, y): 
fI--(x,y)=x2y+ (2.6) 
2m-3$n>m 
For a map MEA$?‘, it is easy to prove that n(M)=2m(M)- 3 if and only if M is 
a rooted nonseparable outerplanar near-triangulation. Then we can find the power 
series of the generating function of Mno” which is the set of all rooted nonseparable 
outerplanar near-triangulations as 
(2.7) 
Here we suppose 9 is not included in JP”‘. 
Now we evaluate F _p( x, y, z). Let ,R;l;” = { 9} and My = JP” - .&y. For any map 
McAf;” as shown in Fig. 2, we have MO~A’“So, k=m(Mo) and Ml, M2, . . . , M,EJP’. 
So, we may have 
F,;~(~,~,~)= C XmWo)yn(Mo)Z n C Xm(M~)yn(M~)Z4(M~) 
MO E &‘=” i=l M,E”P 
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Fig. 2 
From the known relations F,;o(x, y, z)= 1 and (2.Q we obtain the following 
expressions with two parameters $ and v: 
xF”y..(x”2)=(&* +$)’ (2.9) 
Let r/(1-q)=t, then 
al++) __ rc/ i” 
x=4z+l/(1+l&2’ y=1+5’ 
xG4x,Y>z)= $(l +$)’ (2.10) 
By using Lagrangian inversion theorem, an explicit expression of the power series of 
F&=(x, y, z) is found as 
FMSO(X, y, z) = c X2k yk zk 
kZ0 
+ s :( ,-,) ( m:k) ( ,,“;‘“,-:,)x-ynzk. t2.11) 
ma2k+l 
2m~3kznam-kt 1 
For a map MEJP, if q( M) = 1, it is easy to prove that n(M) = 2m( M) - 3 if and only if 
M is a rooted outerplanar nonseparable near-triangulation. Then, by induction we 
may see that for any map ME&?‘, M is a rooted outerplanar near-triangulation if and 
only if n(M)= 2m(M)-3q( M). Let A?‘” be the set of all rooted outerplanar near- 
triangulations. By (2.1 l), we find that Fp- (x, y, z) has the following power-series form: 
F,P(x,y,z)=l+ c k>l & (‘;I;“) (kilil) Xmy2m-3kZk. (2.12) 
ma2k 
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As a consequence, we may directly deduce the enumerating function of rooted 
trees as a special case of (2.12) due to the fact that M is a rooted tree if and only if 
m(M) = 2q( M) and MEA?‘“. Let .N’ be the set of all rooted trees. From (2.12) we have 
X2kykZk’ 
So there are 
(2.13) 
rooted trees with k edges. 
3. Rooted 2-connected near-triangulations 
A rooted 2-connected near-triangulation here is a rooted nonseparable map in 
which the boundary of each inner face consists of three edges. Let JP be the set of all 
rooted 2-connected near-triangulations. Here, JP does not contain the vertex map 9. 
We partition J&P into three subsets: 
JG={L}, 
A~={MIMEAP, and M-R is separable}, 
Jz;=JP-.M-J@, 
where, L is the link map. In this case, we may finally obtain: 
with At,. being the set of M in Mg while m( M)=2. 
We can now obtain the relation betweenf,g(x, y) andf,; as 
.rx~(x~Y)=x2Y+~(L~(X-~Y))2+~(~~~(X~Y)-~~~,.(X~Y)~. (3.2) 
In brief, we writefM;(x, y)=x’f,(Y). From (3.2) we have 
Y(f&g(x?Y))2+(Y-x)fXx,Y)+x2Y(x-f2(Y))=Q (3.3) 
It can be verified that this equation has a power-series solution (i.e. a series in 
positive power only) for the only choice of functionf,(Y). From the known condition, 
the solution will have the form 
(3.4) 
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Let D denote the discriminant of equation (3.3) i.e. 
D=y2-2yx+(l +4y2f,(y))x2-4y2x3. (3.5) 
It has been shown in [l] that D must have a repeated factor iffAg( x, y) is a power 
series. We may suppose 
D=(y+ux)2 (1 -rx)=y2+(2yu-y2u)x+(u2-2yuv)x2-u2ux3, (3.6) 
where u, u are functions of y. By identifying the coefficients of xi in the forms of (3.5) 
and (3.6) the following parametric expressions are derived: 
2yu-y2v=-2y, U2 - 2yUU = 1 + 4y2f2 ( y), -l.A=-4y2. (3.7) 
From (3.7), we find 
y3= 
u2(u+ 1) 2(u+ 1) 
2 ’ 
u=- 
Y . 
Here u is treated as a parameter. 
Now, from (3.4) by expanding the radical into a power series, we may have 
LP(x3 Y) = 
i 
x-y+(y+xu) l- 1 2gY;m~y;m~;)! I 2y m31 I)1 
=-cl (2”-2)!yv” (2m-4)!uu”-’ xm Ill>2 22”-1m!(m-l)!+22m~3(m-l)!(m-2)! 2y’ 1 
Let %=u+ 1, then 
y3= 
%(1-%)2 2% 
2 ’ 
G’=-. 
Y 
From (3.10), (3.9) becomes 
By using Lagrange’s theorem, we have 
um= c 2m+kt1m(3k-m-l)! 3k_m 
kam 
(2k)!(k-m)! ’ ’ 
(g- j)um-l, - 
c 
2m+k-1(2m-3) (3k-m-l)! y3k_m+l 
kam-1 
(2k- l)!(k-m+ l)! 
Therefore, from (3.1 l), we may derive 
.LP(x>Y)= c 2k-mi2(2m-3)!(3k-m-1)! m ,3k_m m~2 (2k)!(k-m+ l)!(m-2)!(m-2)! x y ’ 
(3.8) 
(3.9) 
(3.10) 
(3.11) 
(3.12) 
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So, there are 
2kP”‘+2(2m-3)!(3k-m- l)! 
41 
(2k)!(k-m+l)!(m-2)!(m-2)! 
distinct rooted 2-connected near-triangulations with root-face valency m and 3k - m 
edges. 
4. Rooted strict 2-connected near-triangulations 
It is obvious that a rooted near-triangulation M with m(M) 2 3 is strict iff there do 
not exist two edges having the same pair of ends. We can also prove that a rooted 
near-triangulation M with m(M)=2 and n(M)2 3 is strict iff there do not exist two 
edges other than the two edges on the boundary of the root-face having the same pair 
of ends. Let A” be the set of all rooted strict 2-connected near-triangulations with the 
root-face of valency at least 3. By the above definition, the following relation can be 
deduced: 
fiP(%Y)=fxxLf2(Y))+x2f2(Y). (4.1) 
We write z=_&(Y), and from (3.7) the following parametric expressions are found: 
z3= -(u+l)(l +3n)3 -2u2 
16u4 ’ y=l+z. (4.2) 
Here u is treated as a parameter. Now, we take y as a function of z. 
From (4.1) and (3.9), we obtain 
f&qx,z)= -z2 [ 2~m;;)~;), +2’!‘i:rm~~~~I)z,‘]xm-x2z. (4.3) 
where 
2(1 +u) 
u=p 
Y 
Hence, 
VmZm= (- l)“(l +u)m(l +3u)” 
u2m 
--_zZm= (- l)“(l +u)“t-‘(1+3u)” UUm-l 
Y 
,-Ju2m- 1 
With (1 +u)/u= -w, we get 
(4.4) 
z3= 
w(2-w)3 
----_z*= _ (2-w)“y (4.5) UVm-l 
16 ’ 
UmZm=wm(2-w)m, 
Y 2 
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By using the Lagrangian theorem, the power series of urn and uv”-‘/y are as follows: 
vm= c 22”+1,(4t-2m-1)! z31_m Tim (3t-m)!(t-m)! ’ 
MY-l/y= c 
22m-2(3-2m)(4t-2m)! ZJt_m 
t>m_l (3t-m)!(t-m+l)! . 
Therefore, from (4.3), we have 
(4.6) 
(4.7) 
So, there are 
2(4t - 2m - 1)!(2m - 3)! 
(3t-m)!(t-m+ l)!(m- l)!(m-3)! 
rooted strict 2-connected near-triangulations with 3t - m edges and the root-face of 
valency m, where m 3 3. 
Let J!;,. be the set of all rooted strict 2-connected near-triangulations with the 
root-face of valency 2. For every MEA!;,., n(M) > 1, M-R(M) is a rooted strict 
2-connected triangulation. On the other hand, for every rooted strict 2-connected 
triangulation M’, there exists only one map MEA;,. such that M-R(M)% M’. So 
there are 
2(4t - 7)! 
(3t-4)!(t- l)! 
rooted strict 2-connected near-triangulations of 3t - 2 edges, t 3 2, with the root-face 
of valency 2. It is obvious that there is only one map, the link map, of 1 edge with the 
root-face of valency 2. 
5. Rooted simple 2-connected near-triangulations 
A rooted simple 2-connected near-triangulation is a rooted strict one in which there 
is no separating triangle [S]. A separating triangle is defined by three edges of the 
near-triangulation which form a circuit with at least one vertex in each of the inner 
and outer domains of the circuit. Let _Hp be the set of all rooted simple 2-connected 
near-triangulations with m(M) 3 3. 
We may now see the following relation between &6(x, y)andfMa(x, y): 
f&6(X, y)=x2y+x3y3+f&p (&$)-xY3, (5.1) 
wheref3 = [x3]fMs(x, y), the coefficient of x3 in the power series off&s(x, y). 
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From (4.2) and (4.3), we have 
and 
y3= 
w(2-w)3 
16 
fk(X,Y)-X2Y 
(2m-4)!~“-~ (2-w)” (2m-2)! wm(2-W)m 
= 
22m-+n-1)!(m-2)! - 22”m!(m-l)! 
Then we get 
4w( 1 -w)’ 
J3= (2_w)3 
and the following parametric expression offMP(Z, jj) with w as a parameter: 
+c 2m+1(2m-4)! wm-r (1 -~)~(m-(2m-3)w) 1” 
ma3 m! (m - 2)! (2 - w)Zm 
-m . 
Y 
Let w/(2-w)= 8. We then obtain 
jj3=tql-8)2, 
and 
O(l -0) -3 
fiP(~~~)=-(1+0)2X +8(1-8)2X3 
+c (2m-4)!0”-‘(1 -H)m(m-3(m-2)fI) Z-” 
ma3 m!(m-2)! 
-IfI 
Y 
(5.2) 
(5.3) 
(5.4) 
(5.5) 
(5.6) 
(5.7) 
(5.8) 
Therefore, by using the Lagrangian inversion theorem, we find the explicit expres- 
sion of the power series off,p(x, y) as 
fiP(x>Y)=x3Y3+ c [ 
(3j-5)! 
j~2 (2j-3)!(j-I)! 
c 
(i+ 1)(4i- 1)(3j-2i-5)! - 
(2j-3)!(j-2i- l)! 1 x3y3j 1 <i<i/2 
jam-1 
44 F. Dong, Y. Liu 
From the above expression we know the number of rooted simple 2-connected 
near-triangulations with the root-face of valency at least 3 and at least 3 edges. 
It is also easy to prove that the number of rooted simple 2-connected near- 
triangulations with the root-face of valency 2 and 3j+ 1 edges is just the number of 
rooted simple 2-connected triangulations with 3j edges, where j> 1; the latter of course 
is found here. 
6. Remarks 
(a) The enumerating equation of rooted outerplanar near-triangulations with the 
valency of the root-face as a parameter has been obtained in [4]: 
where C$ = CM EA0,, _ w”(M), m(M) is the valency of the root-face in M, and M”” is the 
set of all rooted outerplanar near-triangulations. But, in [4] the expressions of the 
coefficients in the power series of 4 is very complicated. Here it is much simplified. 
Let 
f=Xp. (6.2) 
From (6.1) and (6.2), we obtain an equation aboutf: 
f”+ y,12+ Gf+l=O. (6.3) 
That is 
x2(1 +.f+f3)-(fZ+2f)x+f2=0. (6.4) 
From (6.4) we know that 
1 f+2+fWf 
2f . 
(6.5) 
x 
According to f (0) = 0 and f’( 0) = 0, we have 
2f 
x= f+2-f-f’ 
Let mf = 1 - 20. Then 
O-O2 
x= 1+02(1-U)’ f=O-82 
We now construct a function g(x,z) as follows: 
d--O2 
x= 1 +z02(1 -0)’ g=o-82. 
(6.6) 
(6.7) 
(6.8) 
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It can be seen that g(x, 1) =f(x). From (6.8) we have 
45 
l+G e=-x 
l-8 ’ 
lj=P(l -O)z, g=o--2. 
By using the Lagrangian inversion theorem, we obtain 
(6.10) 
(6.11) 
g(x,z)=x+ c 
ma3 
1 $k<(m- 1)/2 
SO 
&x)=1+ c L( m ) (2;=;k)xY 
m,2 2m-3k k-l 
1 <k&n/2 
This is again formula (2.12). 
(b) From the expression of d(x) in [4] and (6.11) we find the following combina- 
torial identity: 
t/3 f-3k 
2-(‘+‘)+C 1 1 
(-l)‘(2n-2k+r-/)! 2-(+2k+t~J+r) 
k=O I=0 “amax (l,k+l) 
(n-k-l)!l!k!(n+k+l)!(t-3k-1)! 
= 
l&2 &k( ,!I) (:‘I:“)’ t31. 
This is an answer for one of the open problems in [4]. 
(6.9) 
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